Abstract . Linear quadratic regulator (LQR) is an effective method of feedback active control theory. However, the LQR control is not truly optimal because it is only a feedback algorithm, i.e. the external excitation term is ignored in the optimal equation.
INTRODUCTION
In recent years, much progress and new concepts have been achieved in reducing the structure response due to environmental and man-made loading . Among those innovative means, passive damping and active control systems represent fundamental approaches for response reduction in structures. Passive damping systems encompass a range of devices, which are characterized by a capability to enhance energy dissipation in the structure. This effect may be achieved by using devices which operate by conversion of kinetic energy to heat such as friction dampers, viscous dampers . . . or by transferring of energy among vibrating modes such as tuned mass dampers or tuned liquid dampers. Passive devices, however, have inherent limitations which can be solved by active control systems. For example, the passive tuned mass damper is often tuned to the first natural frequency of the structure, means that it is designed to reduce only the first mode vibration. An active mass damper, on the other hand , can be effective over a much wider frequency range. Hence, the study of active control is a logical extension of passive control technology. Active control systems are force delivery devices integrated with real-time processing controllers and sensors within the structure. When only the responses can be measured, the method is called feedback or closed loop control. A feedforward or open loop co!"ltrol results when the control force are regulated only by the measured excitation. In the case where the both information of excitations and responses are utilized for controller design, the term feedback-feedforward or closed-open loop control is used . Many control strategies have been proposed, such as LQR/LQG control [2] , H 2 /H= control [3, 4] , sliding mode control [5] , fuzzy control [6] , neural control [7] ... vVe also proposed some control algorithms applying to structures, in which some components of excitation can be known [8] or the control forces are bounded [9] or the number of sensor is limited [10] . As it has been observed in many papers the well-known linear quadratic regulator (LQR) control is one of very effective methods to attenuate undesired vibrat ions in structure. However, in optimal control theory, t he LQR control is not truly optimal because the feedforward (excitation) term is ignored in the optimal equation. In fact, we presented a method called identification algorit hm [1] , which identifies t he external excitation from the structural response measured . Thus·, the a im of t his paper is to improve the classical LQR control by t he information of t he excitation identified by the identification algorit hm .
OPTIMAL CONTROL PROBLEM
The general control problem has form :
where x ( t) is the n-<limensional displacement vector , f ( t) is the r -dimensional external force vector , u(t) is the m -dimensional control force vector , three n x n matrices NI, D and K are mass, damping and stiffness matrices, respectively. The n x m matrix L 1 , and n x r matrix L f are location matrices which define locations of the control force and the excitation, respectively. · The p-dimensional measurement vector y(t) is defined by the p x n measurement matrix C. If t he rank of location matrix Lu is smaller t han n, t he number of control for ces is li mited . Similarly, the number of sensors is li mited when the rank of measurement matrix C is smaller t han n. In the previous paper [10] , we discussed the case, in which the number of sensor is limited. In t his paper, the case of lim ited number of control force is considered. The general case in which both control force and sensor are limited can be solved by using the Luenberger observer or Kalman-Bucy filter [2] but that is beyond the scope of this study. Because only the number of control force is limited, the measurement vector y(t) is identical with the displacement vector x(t). To facilitate t he problem, one use the state-space representation to rewrite Eq. (2 .1) as in the form
where z(t) = [ x(t) i:(t) f is the 2n-dimensional state vector, t he superscript T indicates vector or matrix transpose, A is the 2n x 2n system matrix, B and H are 2n x m and 2n x r lo cation matrices specifying the locations of controllers and external excitations in t he state-space, respectively:
where 0 and I denote, respectively, the null matrix and the identity matrix of appropriate dimensions . The control force u(t) is to be chosen in such a way that a performance index
is minimized . In the above, the time interval [Oh] is defined to be longer than that of the external excitation, Q and R are vveighting matrices. Q is a 2nx2n positive semidefinite matrix and R is an m x m positive definite matrix . Their magnitudes depend on t he relative importance attached t o the state variables and t o the control forces in the minimization procedure. The optimal control problem with J defined by Eq. (2.4) sub ject to t he constraint (2 .3) is well documented in t he li terature. The truly control law is taken as [11] :
where P is t he Riccati matrix satisfying t he Riccati equation
and p(t) is determined from t he differential equation
The control law (2.5) contains 2 separate terms : t he feedback term Pz(t) depending on state vector and the feedforward term p(t) depending on external excitation f(t) . The system of equations given by (2 .5), (2.6) and (2 .7) provides optimal solution. Unfortunately, the truly optimal control law is generally infeasible. T his is because the feedforward term from Eq. (2 .7) must be solved backwards from t he terminal t ime tf , requiring that the excitation f(t) over the entire control interval be known a priori. This is not possible in most of structural control applications . The classical linear quadratic regulator (LQR) control is the well-known control law, in which only feedback term is used, i.e:
From Eq. (2 .7) , it can be seen that the LQR control ignores t he fo llowing term
In the next section, we show that, in some case, the ignored term can be reduced by adding a feedforward term, which can be identified .
FEEDBACK-FEEDFORWARD A LGORITHM
Although t he external excitation can not be known over the entire control interval , it still can be online identified by the identification algorithm [1], which is briefly presented in section 4. Therefore, we propose here a control law using the online excitation to improve the LQR control in case the external excitations have low frequency. Considering the fo llowing form of the feedforward term p( t) :
The feedback-feedforward (FB-FF) control law is:
Substituting (3. 1) into Eqs (2 .7) , the optimal equation reduces to:
Vve choose
Then the ignored t erm is:
Comparing (2.9) and (3 .5) , we see that, if t he excitation frequency is sufficiently low , t he ignored term of the FB-FF control is smaller than t hat of the LQR control. \Ve also expect t hat the control performance is improved when the ignored term is reduced. A question is addressed: which value of the excitation frequency is considered as "sufficiently low" . We answer it by the well-known eigenfunction technique. Assuming t hat t he matrix AT -P BR-1 BT is transformed by t he modal matrix as :
where T is the modal matrix whos columns are the eigenvectors of AT -P BR-1 BT and A is a di agonal matrix whose di agonal elements are t he eigenvalues Ai (i = l , ... 2n ) of mat rix AT -PBR-1 BT. The expression (3 .5) is rewritten as:
V./e have the following estimation:
The excitation frequency is considered as "sufficiently low" when
We remark t hat the absolute values of the eigenvalues are the natural frequency of the structure controlled by LQR algorit hm [2] . In the special case, when the excitation is harmonic with frequency w, the condition (3.8) reduces to:
This means that the excitation frequency is lower t han the smallest frequency of t he structure. As seen from (3 .1) , the implementation of FB-FF control process requires t he knowledge of the excitation vector Hf(t) . In fact , it is usually that one is unable to measure the external excitation whi le the structural response can often be measured. Therefore, the idea involved in the control law (3 .1) is used in a modified way, in which the history of the external excitation can be ident ified with a time delay by a so called identification process [l] . The following section briefly presents the identification algorithm to complete the control law .
IDENTIFICATION CONTROL ALGORITHM
Let all the components of the di ::j)lacement vector x( t) cetn be measured and all components of its first and second order derivatives can be calculated in a short time. Then the state vector z(t) and its derivative can be known. The control interval [O , t1] is divided into n small equal intervals of t he length /::;. where /::;. is a small posit ive number whose value depends on computation speed and accuracy of computer. Thus one has : tf = q6. . The control force is determined from the FB-FF control law (3 .2) except that the excitation is replaced by the delayed excitation in the previous subinterva l:
For any given function vector m(t) , the following notations are introduced:
+ Task 2: The excitation is identified from the state equation (2 . 3) Using two tasks above for each time interval Tk, the FB-FF control law is completely feasible .
. NUMERICAL SIMULATION
The example given below is taken from [12] . An eight-storey structnre in which every storey unit is identically constructed is considered . The characteristics of the building are t he same for each story: floor mass m, elastic stiffness k and internal d amping coefficient c.
Assuming that the structure is subject to the earthquake ground acceleration, whose history is taken from the N -S component recorded at H achinohe City during the Tokachioki earthquake of May 16, 1968. The absolute peak acceleration of the earthquake record is 2.25 m/s 2 . In the previous paper [10] , we simulated this structure, which is controlled by a set of tendons placed between each of two floors . In this paper, another control mechanism is considered. The control is accomplished through an active mass damper system installed at the top of the structure as shown in Fig. 1 . An active mass damper (AMD) is a system, in which an auxiliary mass md is connected to the main structure through a spring kd , a damping device Cd and a hydraulic actuator producing an active force u. · without the active force, the mass damper is passive and is call ed tuned mass damper (TMD) . Passive TMD system was widely used for motion control of tall buildings [13] . Therefore, AMD system is also the most popular mechanism in act ive structural control [14] .
The optimum values of spring and damping device are available in literature. They are in general tuned to the first fundamental frequency of t he structure. It is not difficult to derive the structural motion equation having the form of Eq. (2.1): between cont rol laws, t he t ime scale of t he base acceleration is vari ed to change t he external excitation frequency. Fig. 2 shows t he time histories and t he power spectrums of t he base acceleration with different time scales .
On a Jeedback -feedforward identifica tion control algorithm for . It is clearly to see that the larger time scale makes the lower frequency and conversely. In the numerical simulation, we consider 4 cases of time scale as showed in Fig. 2 . In the power spectrum of t he base acceleration, the excitation frequency is lower t han t he first structure frequency (0.92 Hz) when t ime scale= 4 and =6 . Therefore, two last case of t ime scale is considered as "low frequency" excitation. The time del ay .6. is taken to be 43 of the first natural period of the structure. The objective of control is to reduce the top floor displacement xs. Therefore, in t he expression (2.4) of performance index J , the 18 x 18 weighting matrix Q is chosen so that all its elements are zero except for the 8th element in the di agonal, i.e.
; ( 0, 0 .. ., 0, 
lO~ts
Because there is only one control force, the weighting matrix R in this case is a scalar and is assigned a value of 10-s . The values of performance index J, t he root mean square (RMS) values of the top floor displacement xs, the mass damper relative displacement X d -xs and control force lL are tabulated in Table 2 for each case of t ime scale. Each column in this tab le is for different control type:
-Column (1) is for the structure without mass damper.
-Column (2) Comparing the performance index between two columns (3) and ( 4), we see that, the FB-FF -ID control law is more efficient than the classical LQR control law in case of low frequency excitation (time scale= 4 and 6). For example, when t imescale= 4, the RMS top floor responses (2.28 cm and 2.35 cm) are nearly the same but the RMS control force and the RMS mass damper response of the LQR control (127.73 kN and 30.83 cm) are significantly larger than that of the FB-FF-ID control (92.3 kN and 24.83 cm). In the opposite case, when the excitation frequency is high (time scale= l and 2) , the numerical simulation indicates that FB-FF-ID control is less efficient than LQR control. As we expect, the results in this example show that t he performance of control is improved when the ignored term of the optimal equation is reduced. Besides, in comparison with the truly optimal case (column ( 5)), the performance indexes of LQR control and FB-FF -ID control still have a large distance. Therefore, the problem finding the better control laws is still interesting.
CONCLUSION
The aim of this paper is to propose a feedback-feedforward control law to improve the classical LQR control law for feedback active controlled structures. The proposed FB-FF control law is better than LQR control when the excitation frequency is low in comparison wit h t he structure natural frequency. The improvement is achieved by adding the feedforward term to the LQR control. The feedforward term is identifi ed by a so called identification algorithm . To illustrate the algorithm, a numerical simulation is applied to an eight story building subjected to earthquake ground accelerat ion and controlled by active mass damper system. T he effect of the excitation frequency is considered in the simulation.
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